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Let m --f (C, , C,) signify the truth of the following statement: Let I V(G)1 > m; 
if G contains no Ck , then i? contains a C, . Bondy and ErdBs [I ] proved that 
for n > 3 2n - 1 + (C, , C,,). They conjectured that 2n - 1 -+ (C, , C,) for 
all n > 3 and all k < n and could prove it only for k < (2n)l12. In this paper we 
prove this for all n > 4 and for all k < n. 
We are here concerned with undirected graphs that are finite and have 
no loops or multiples edges. Let G be such a graph, we write V(G) for the 
vertex set of G, and E(G) for the edge set of G; the cardinality of the set H 
is denoted by j H I. The graph G is the complement of the graph G. “G 
contains a C,” stands for the statement that G has a cycle of length m. 
Let X = {x1 , x2 ,..., x, , xl} (xi E V(G) for 1 < i < m). If X is a cycle 
of length m in this order of the xi - s (i.e., x~x~+~ E E(G) for i = 1, 2,..., 
m - 1, xi # xi if i fj and X,X,E E(G), then we write: X is a C, in G. 
“G contains a Pm” stands for the statement that G has a path of length 
m. Let Y = (yl, y2 ,..., ym} (yi E Y(G) for 1 < i < m). If Y is a path of 
length m in this order of the yi - s (i.e., yiyi+l E E(G) for i = I, 2,..., m - 1, 
yi # yj if i # j) then we write: Y is a 9’m in G. 
Let m -+ (C, , C,) signify the truth of the following statement: Let 
1 V(G)/ 3 m; if G contains no Ck , then G contains a C,, . 
Erdbs and Bondy [I] proved that for n > 3 
2n - l---f (C, ) C,). (1) 
They conjectured that 2n - 1 + (C, , C,) for all n > 3 and all k < n. 
They could prove it only for k < (2n) l12. In this paper we shall prove this 
for all n > 4 and for all k < n. See Theorem 2. 
THEOREM 1. Let G be a graph. (1) If G contains a C28+1 but G contains 
no C2s+l , then for all 3 < 1 < 2s + 1 G contains a C, . (2) If G contains 
a CzS but G contains no C,, , then for all 2 < I < s G contains a Czl . 
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Proof of Theorem 1. We prove this theorem in the following form: 
if n > 4, 3 < k < n, and G is a graph containing no C, but containing a 
C,, and G contains no C,, , then n is even and k is odd. For this let II > 4, 
3 < k < n, and let G contain a C, but no C, , so that G contains no 
C,, . We fix this G. From Lemma 1.1 and 1.5 we shall be able to prove 
that n is even and k is odd. 
Let D = {PI , Pz ,..., P, , PI} be a C, in G. We take indices of Pi - s 
modulo n. 
The following notations will be useful: 
w& = {Pv , p,,, ,..., pv+t ,.**, Pv+(r-v) = PJ, for v<r<v+n; 
w,71 = VW, p,-1 ,“., pv-t ,***, pv-(v-r) = PA, for v>r>v--n; 
z., = vu > pu+2 9-**9 p,+zt ,**., Pu+z.k)12 = PA, 
where r - v is even; if n is odd, then for v < r < v + 2n, if n is even then 
for v < r < v + n; 
z,, = WV, pv-2 Y.--Y pu--at >**., PII-,.(,-d/2 = PA, 
where r - v is even; if n is odd then for v 3 r > v - 2n, if n is even then 
for v 3 r > v - n. 
REMARK 1. The W& is a .P,.--u+l in G for v < r < v + n. 1 Wz,r 1 = 
r-v+l. 
The W;, is a PVu--7+1 in G for v >, r > v - n. 1 W;,, j = 
v--+1. 
LEMMA 1.1. The edges Pi Pi+le-l are in G for all 1 < i < n. 
Proof. If Pi Pi+k--l E E(G) then Tl = { W&,,-l, Pi} is a C, in G by 
Remark 1. 
Let d = (n, k - 1) (the greatest common divisor of n and k - 1). Ki , 
A&+, Mi- will denote the following sequence of points of V(D): 
Ki = Pi , Pi+k-I , Pi+~(,w) ,..., Pi+i(r-1) ,-.., Pi+(n/cm-I) = Pi>> 
Mif = Pi 9 pi+74 3 pi+e+I) >‘..Y Pi+&1) Y...Y Pi+(n,d)(k-I)-(k-I)}, 
Mi- = Ipi Y Pi--k+l T  Pi--Bb-l) 3***3 Pi--i(k-l) Y*.*Y Pi-(nld--l)(k--l)l 
= {pi 9 Pi+hld--l)(k--l) P***P Pi+i(k--l) Y***Y Pi+k--ll* 
LEMMA 1.2. KS is a Cnld in i?, and Ki = Ki, if and onIy if i = i’ mod d, 
if i + i’ mod d then Ki and Ki* are disjoint sets (i.e., &, V(KJ = V(D)). 
s8zbbs/I-7 
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Proof. Using Lemma 1 .l, these are consequences of elementary 
number-theoretic facts and so we may omit the proof. 
COROLLARY 1. d>,2. 
COROLLARY 2. Mi+ and Mi- are gPnld in c. If i + i’ mod d then 
Mi+nM;=Mi-nM;=Mi+nM;=Mi-nM;= @. 
LEMMA 1.3. Suppose PIP, E E(G), then 
(i) P,P,-, E E(G), for 3 <i<k+ 1, 
(ii) P,P, E E(G), and Pd’n-~ E E(G). 
Proof. (i) If PgPi-, E E(G) then T, = { Wzy8, Wcimk, Pi} is a C, in G 
for 3 < i < k + 1 since W& , Wciel, are disjoint paths in G (3 < k < n), 
I Ts I = 1 Wl;, / + I W;;,-, I = i - 2 + 1 - i + k + 1 = k, and 
P,Pl E E(G). 
(ii) If PzPk E E(G) or P2Pn--k+4 E E(G) then T3 = {Pz , P, , W$, , Pz} 
or T4 = {pz , p3 , K&--12+4 , P,}isaC,inGsinceIT,I=2+[ WkJ = 
2 + k - 2 = k or ) T4 1 = 2 + / W;+,,,-,+, 1 = 2 + n + 1 - n + k - 
4 + 1 = k and P,P, E E(G), (3 < k < n + 1). 
LEMMA 1.4. Suppose PIP, E E(G), then 
(0 PPi+L+d--P E E(G), for 2,<j<k-d+2, 
(ii> Pd’j+n--lc+d E E(G), for 2,<j<k-d++, 
(iii) PzPa E E(G), m thecaseof d= k- 1. 
Proof. (i), (ii) Consider 
Tj = (M3.+, M,+,, ,..., Mi+,< ,..., M&-s , Mifd--l , Pi>, 
Ti’ = {Mj+v M.&l )*..) MAi 7.a.) MLd-2 9 MAd-1 9 P,}! 
Mjfi , MAi, are disjoint paths in G by Corollary 2 if 0 < i, iO < d - 1, 
i # iO . 
P. ‘_ 3+a l+(nld-l)(k-1) P i+i = Pj+<-h Pj+i E E(G) 
by Lemma 1.3 if 3 < j + i < k + 1. So Pj+i-k Pj+i E E(c) for all 
l~i<d-lif3<j+1andj+d-l~k+l,i.e.,2~j~k- 
d+ 2. 
lTjl = IMi’l +*e.+ IMG,a-l/ =d*i=n, 
1 Ti’ 1 = ) Mi+ I + a*. + 1 Mj++d--l I = d * z = n. 
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Hence, for 2 <j < k - d + 2, Tj or Tj’ would be a C, in G if Pj+d--l+K--l 
Pj E E(C) or if Pi+d--l--k+l Pj E E(G), proving (i) and (ii). 
(iii) Consider 
u = (&+, Ms+,..., Mi+,..., Mk+, Pk+l > p,k ,..., Pn-k+S 3 MS+, pz, p& 
M,+,M<for3<i<k+1,3<i,,<k+1,i#i0,aredisjointpaths 
in G by Corollary 2 and {Pk+l , P‘& ,..., P&+,} = M,fI - {Pz}, and 
PiPi--l--li+l E E(G) for 3 < i <k + 1 and P2Pn-lc+4 E E(G) by Lemma 1.3(ii). 
1 UI = I &+I + ..* + / M,+I + I M,=,I - 1 + l MS+1 + 1 
= (k - 1) & = II. 
If P,P, E E(G) then U is a C, in G, which is impossible. This proves (iii). 
COROLLARY 3. Suppose PIP, E E(G) and d = k - 1. Then PiP,,z E E(G) 
for all 1 d i < n, using i - 1 times Lemma 1.4(iii). 
COROLLARY 4. Suppose PIP3 E E(G). For d = k - 1, P,P,I, E E(G) by 
Lemma I .4.(i). 
LEMMA 1.5. The edges PiPi+z are in C, for all 1 < i < n. 
Proof. We suppose that, for some i, P,P,,, E E(G), and we show that 
this implies that there is a C, in G, contradicting the original assumption 
on G. Of course we may suppose that PIP, E E(G), and so k >, 4. 
In the case of d = k - 1, the T5 = {P, , Z& , P3} is a Ck in G since 
ZISx is a gkV1 in G by Corollary 3, Pzk P3 E E(G) by Corollary 4, and 
1 T5 I = 1 + I ZL2k I = 1 + k - 1 = k, 2k < n + 2. 
In the case of d # k - 1 and so k # (n/2) + 1 consider 
Ll = w~(k/2)+1 > w&)+l+k+d--2,k+d 9 Pzl, 
if k < ” + I, k is even; 
2 
L2 = lpZ 2 pl 7 W3t(k--l)/2+l 3 Wii-1)12+lik+d--2.k+d > pd’, 
if k<i+ l,kisodd; 
L, = { ~?-i+2.(n-k)12+3+n--k+d > W;-k),2+3,n-k+d+2 2 PZ}, 
if k>If+l,n-kiseven; 
2 
L, = fpZ 9 p, 7 Wnl.(n-k+l),2+3+n-k+d 7 W:n-k+l),2+3.n-kfdf2 , pz}, 
if k>i+ l,n-kisodd. 
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L1 is a cycle in G since 
(a) 2 < (k/2) + 1 < k + d < (k/2) + 1 + k + d - 2 < n + 2, 
@I P(k12)+l P(k/2)+l+k+d--2 E E(G) and p2pk+d E W). 
((a) As d > 2 and k > 2, only the verification of the last inequality is not 
quite trivial. But this last inequality can be written in the form 3k + 2d < 
2n + 6, and, since 2d d k - 1 (d # k - 1) and k < (n/2) + 1 holds, 
3k + 2d -=c 2n + 3 also holds, yielding the needed inequalities. 
(b) By Lemma 1.4(i), (b) is true if 2 < (k/2) + 1 < k - d + 2. But 
this holds trivially, since k 3 2 and d < (k - 1)/2.) 
1 L, 1 = 1 W:(JC,Z)+I / + 1 6$2)+1+k+d-P.k+d 1 = + + + = k 
yields that L1 is a Gk in G. 
L, is a cycle in G, since 
(a) 3~(k-l)/2+1~k+d<(k-l)/2+1+k+d-2<n+l, 
(b) &--1),2+1 P(k--1)/2+l+k+d--2 E E(G) and p2pk+d E E(G). 
((a) k > 4 and k is odd, so k >, 5, d 3 2; therefore all we have to verify 
is the last inequality. We now have to verify 3k + 2d < 2n + 5, but we 
saw that 3k + 2d < 2n + 3 also holds. 
(b) holds by Lemma 1.4(i) if 
2<k-1 ,-----+I <k-d+2, 
2 
but the verification of this is immediate.) 
1 L, 1 = 2 + 1 Wi?k--1)/2+1 1 + I W6c-1h+l+k+d--2.k+d I 
thus L, is a Gk in G. 
L, is a cycle in G, since 
(a) n+2>(n-k)/2+3+n-k+d>n-k+d+2> 
(n - k)/2 + 3 > 2, 
(b) Pbz-k) /2+3 P&k) /2+3+n-k+d 6 E(G) and P2Pn-k+d+2 E E(G). 
((a) The only problem in verifying (a) is n + 2 > (n - k)/2 + 3 + n - 
k + d, i.e. n + 2d + 2 < 3k. But since d < (k - 1)/2 and k >, (n/2) + 
(3/2), i.e., n < 2k - 3, n + 2d + 2 < 3k - 2 is immediate. 
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(b) is shown by Lemma 1.4(ii) if 2 < (n - k)/2 + 3 < k - d + 2. The 
first part is trivial; the second one can be written in the form n + 2d + 
2 < 3k, which has just been shown.) 
1 L, 1 = 1 Wi+2.h-k)/2+3+n-k+d 1 + 1 v&-k)/2+3.n-k+d+2 / 
=k-!i+d++ +d=k, 
showing that L, is a Ck in G. 
L, is a cycle in G, since 
(a) n+l>(n-k+1)/2+3+n-k+d>n-k+d+2> 
(n - k + I)/2 + 3 > 3, 
04 Ph-k+1)/2+3 Ph-k+l)lS+t+n-k+d E E(G) and P2Pn-k+d+2 E E(G). 
((a) n - k >, 0, thus the only thing to be verified is the first inequality. 
This can be written in the form n + 2d < 3k - 5. k > (n/2) + 1, so 
k > (n/2) + (3/2) and n d 2k - 3. d # k - 1, so d < (k - 1)/2. Thus 
in case of d < (k - 1)/2 we have n + 2d < 3k - 4, and this proves what 
is needed. If d = (k - 1)/2, then n + 2d < 3k - 4; n - k and k are odd, 
so n and n + 2d are even. Since 3k - 4 is odd, n + 2d ==c 3k - 4 is 
true in this case too. 
(b) By Lemma 1.4(ii) (b) is shown if 2 < (n - k + 1)/2 + 3 < 
k - d + 2 is shown. Here the first inequality trivially holds, and the second 
one-written in the from n + 2d + 3 < 3k-has just now been proved.) 
1 L4 / = 2 + 1 Wnl,(n-k+l)/2+3+n-k+d I + 1 W&-k+l)/2+3,n-k+d+‘2 I 
=2+k-d- n-l;fl -2 +1 
fn-k+d-l- n-;+1 -tl=k. 
Thus L, is a C, in G. 
These yield the wanted contradiction, proving Lemma 1.5. 
Now we turn to the proof of Theorem 1, i.e., that n is even, k is odd. 
(i) Let n be odd. Then by Lemma 1.5 {Z,‘.,,-, , PI} is a C, in G in 
contrast to the hypothesis that G contains no C, . 
(ii) Let n be even and let k be even. Then 
T, = {ZL, , Z-w--2-n-t-~, f’d 
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is a C, in G, since Z;,, ; Z,, are paths in G if u d r < v -I- n, v b r > 
u - IZ by Lemma 1.5, P,-, Pke2 E E(G), P,P, E E(G) by Lemma 1.1, and 
in contrast to the hypothesis that G contains no C, . (Z&r and 
ZT 1--2,k--2+,+2 are disjoint paths in G since n is even, k is even.) 
Thus according to (i) and (ii) we have proved (1) and (2) of Theorem 1. 
THEOREM 2. Let n > 4 be any integer. Then,for all 3 < k < n integer 
2n - 1 ---f (C, , C,). G? 
REMARK 2. It is obvious that 2n - l--t (C, , C,) and 2n - l---f 
(C, , C,) have the same meaning. (2) also implies that, for all 3 G k < n, 
3 < 1 < n, 2n - 1 -+ (C, , C,), i.e., if G contains no Cl, for some 
3 < k < n then there is a C1 in G for all 3 < I < n. 
Proof of Theorem 2. Our proof is indirect. Let n > 4, 3 < k < n, 
be integers and let G be a graph such that 1 V(G) = 2n - 1, G contains 
no C, and G contains no C, . By (1) we may assume k < n - 1. Let 
D = {P1 , P, ,..., P, , PI} be a C, in G. By (1) there is such a D C V(G). 
In what follows we take the indices of the Pi --s modulo n. If n is odd and 
n > 4 or n is even, k is even n > 4, 3 < k < n; then by Theorem 1 we 
have 2n - 1 + (C, , C,) 
COROLLARY 5. n is even and k is odd. So n > 4 means n 3 6, and 
k >, 5. We deal with the case k = 3 at the end of the proof. 
COROLLARY 6. The edges P,P(,, are in G for all 1 < i < n by Lemma 
1.5. 
COROLLARY 7. The Z;,, , respectively Z,, , is a 9’(r--a),2+1 , respec- 
tively Y(Vu--T)12+1 , by Corollary 6 in G. 
Put I = V(G) - V(D). 
LEMMA 2.1. If RQ E E(G) for all Q E I andfor all R E D’ where D’ C D, 
then 1 D’ I < n/2. (n > 2) 
Proof. Suppose D’ C D, / D’ 1 3 n/2, and RQ E E(G) for all Q E I 
and for all R E D’. Since j 11 = 12 - 1 and 1 D’ / > n/2, we can write 
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I= (QlQz ,...> Q,& and D’ = {R, , R, ,..., Rnj2 ,... >. Hence (Q, , R, , 
Q2 , R2 ,..., Qnj2 , &I~, Qd is a C, in G. 
LEMMA 2.2. IfPPj-1 E E(G) and PPj E E(G) for some P E V(G)- V(D), 
thenPiPi+,-,EE(@forj-k+-t<i<j--I. 
Proof. If PiPi,R-, E E(G) for some i with j - k + 2 < i 6 j - 1, then 
is a CI, in G since WiTj-1 is a PjVi in G if i < j - 1 by Remark 1, WLi+,-z 
is a Pi+&-j+l in G if j < i + k - 2; these paths are disjoint 
PPj-1 E E(G), PPj E E(G), 
I T, I = I Wit-~ I + 1 + I Wjfi+k--8 I 
=j-ififk-2-j+l+l=k. 
LEMMA 2.3. Let P E V(G) - V(D). Then,,for all 1 < j < n, PP,-, E E(G) 
implies PPj E E(C). 
Proof. Suppose, for some P and j, PPj E E(G) and PPjwl E E(G). 
For k 3 5, n > 6, 
is a C,, in G since Z;3,j--1--n , Zj+--l+k--2,3--l+k--4+n are disjoint paths in G (k 
is odd, n is even), Pjel+ P3--l+k--2 E E(C) and Pi-a+lc-z Pj-8 E E(G) by 
Lemma 2.2 if j - 3 3 j - k + 2, i.e., k > 5, 
I T, I = I ZZ-s,f-1-n I + I &Z-~+k-~,j-~+K-~+n l = : + F = n. 
LEMMA 2.4. Suppose PIP,,+, E E(G) for some j, 2 < j < n/2 - 2, then 
(a) Pkes Pti+2 E E(G) and Pkwd P,j+a E E(G) in case of 5 < k < 2j + 1, 
(b) PkP,j E E(G) and P,+2P2jv2 E E(q in case of 2j + 1 < k < n - 1, 
(c) P2Pzi+, E E(c) and PnPzj-1 E E(G) in case of k = n - 1. 
Proof. (a) If P,-,P,j+2 E E(G) or Ple+P2+, E E(G) in case of 5 < k < 
2j+ 1, then 
Tg = {W&-2 , Pw+s 3 Pzj+l 9 PI) or GO = { WZk-4 9 G+4.2j+lp PII 
is a CI, in G since W&--g is a 8,-, in G by Remark 1, 1 < k - 2 < 2j + 
1 < n, P,-,Pti,, E E(G), P,,+,P, E E(G); or W&-d is a 8,~, in G, 
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w&4*2i+1 isaB,inG,l <k-4<2j+1,2j+4<n,Pk-aPti+,EE(G), 
Pa+1 PI E E(G). 
(b) If P,Pzj E E(G) or P,,, Pzjm2 E E(G) in the case of 2j + 1 < k < 
n - 1, then 
T,, = W,tzj , WA1 , PS or T,, = { W;fz,-, 9 WiL+,,,i+, 7 Pd 
is a Ck in G since Wzzj is a BSi in G by Remark 1, W&+l is a gk-(zj+l)+l 
in G by Remark 1, 1 < 2j < k < n, P,*PI, E E(G) and Pzj+I P, E E(G); or 
W&-, is a 9’ti--2 in G by Remark 1, W;+,,,j+l is a B,+,-,j in G Remark 1, 
P2i--2Plc+2~E(G), P,,+lPI~E(G), n>k+2>2j+1>2j-2>1. 
Cc) If P,P,j+, E E(G) or P,P2j-I E E(G) in the case of k = n - 1, then 
TIN = l.W&w , Wi+~,a+s 9 f’s> or Tu = {KY,,,, 9 W+ii-I 3 Pn> 
is a C,-, in G since Wzti+I is a Bzi in G by Remark 1, W;+1,2j+3 
is a gn+l--2i--3+1 in G by Remark 1, 2j+3<n+l, 2<2j+l, 
Pzj+l PI E E(G), Pzj+s P, E E(G); or W&j+I is a S,,-2i in G by Remark 1, 
W&-, is a 9,+-l in G by Remark 1, 2j - 1 > 1, 2j + 1 < n, 
Pzj+l PI E E(G), Pzj-1 Pn E E(G)* 
Put G, = (PI, P, ,..., P,-l} and G, = {Pz , P4 ,..., P,). 
LEMMA 2.5. The subgraphs of G spanned by G, , respectively Gz , have 
no edges. 
Proof. Suppose PiPi,,i E E(G) for any i and for some j, 1 < j < 
(n/2) - 1. For j = 1, j = (n/2) - 1, PiPi+zi E E(G), by Corollary 6. Thus 
2 <j < (n/2) - 2 and n >, 8. We may suppose that i = 1, i.e., P,Pzj+, E 
E(G) (for some j, 2 < j < n/2 - 2). 
(a) If5<k<2j+l,then 
is a C, in G since Zi-L2,k--4+n is a gInI in G, Z&+4,2i+2+n is a 9*/S in G 
by Corollary 7; these paths are disjoint since n is even, k is odd, 
Pk-d+nPzj+b E E(c) and PL--2P2j+Z+n E E(G) by Lemma 2.4. 
(b) If 2j + 1 < k < n - 1, then 
TX = {Z&k++-n 9 -GL,~j-n 7 PA 
is a C, in G since ZG,~++, is a gInI in G by Corollary 7, Z&-z,2j--n is 
a gd2 in G by Corollary 7; these paths are disjoint since k is odd, n is 
even, P,,,P,i-2 E E(G) and PzjP, E E(G) by Lemma 2.4. 
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(c) in case of k = n - 1 and n > 8 by Lemma 2.1, there is a PE I 
and Pi for some i, 1 < i < n, that PiP E E(G) and i # 1, i # 2j, i # 
2j + 2. This means P+,P E E(G)), P,-,P E E(G) by Lemma 2.3. We fix 
a P and Pi with these properties. If i - 1 is even, then 
is a C, in G since ZLi+l is a .P(i--3),2+1 in G by Corollary 7, Z&+l,n is a 
B(n-i-1) /2+1 in G by Corollary 7, Zz.&-1,2j+3--n is a 9’(nlz)-1 in G by Corollary 
7; these paths are disjoint, P,j+,P, E E(G), P,P2i-l E E(G) by Lemma 2.4, 
and Pi-,P E E(G), Pi+,P E E(G). If i - 1 is odd, then 
. -. 
is a C, m G smce Z&, is a Pnj2 in G by Corollary 7, Z,;,-,,i+l is a P;(zj-i),2 
in G by Corollary 7, Z;-1,2j+3--n is a B(i-zi+n),2-1 in G by Corollary 7; 
these paths are disjoint, P,P,j-1 E E(G), P,i+3P2 E E(G) by Lemma 2.4, 
and P+lP E E(G), Pi-,P E E(G). 
We finish the proof as Bondy and Erdijs did in [l, Theorem 21. The 
sets G1 = {P, , P, ,..., Papl} and G, = {Pz , P4 ,..., P,} each span complete 
subgraphs in G. If e, and e2 are edges, each of them connecting G, and G, , 
and if e, and e2 have no common vertices (i.e., if e, , e2 are independent 
GIGz edges), then one of them must belong to G, for otherwise G would 
contain a C, . Thus all edges between G, and G, contained in G must be 
incident to the same vertex Pi E G, u G, = D. But PiPi- E E(G) and 
PiPi+ E E(G), and these edges connect G, and Gz . Thus at most (n/2) - 2 
edges from G, to G, can be in G, and they must be incident to the same 
Pi E D. If any vertex Q from V(G) - G, - G, would be joined to both 
a vertex of G, and a vertex of G, by edges of G, then G would contain 
Ck(k > 3). It follows that either all the edges between Q and G, or all 
the edges between Q and G, must be in G. Since there are n - 1 vertices 
in V(G) - G, - Gz there is a set D’ C V(G) - G, - G, , 1 D’ 1 = n/2 
such that either all the edges from D’ to G, or all the edges from D’ to 
G, are in G. But then the subgraph of G spanned by D’ u G, , respectively 
D’ u G, , has a C, . This last contradiction proves Theorem 2 for k 3 5. 
Now we turn to the only missing case, k = 3. Since n - 1 > 3, so we 
have proved that 2n - 1 -+ (C,-, , C,). Let G be a graph which contains 
no C, , so that G contains no C, , and 1 V(G)/ = 2n - 1. Since G has no 
c n , G has a C,-, : F = {Q, , Qz ,..., Q+, , Q,}. QiQi+z E E(G) since 
otherwise {Qi , Qi+l , Qi+2 , QJ would be a C, in G. Let P E V(G) - V(F). 
We want to prove that, for some i, Qi-,PE E(G) and Qi+lP~E(@: If 
QiP E E(G) for all i, then we have nothing to prove. It there is some i with 
QiP E E(G), then Qi-,P; Qi+lP E E(G), otherwise {Qi-1 , Qi, P, Qi-I} or 
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{Qi , P, Qi+, , Qi} would be a C, in G. (We have such an i, by what we 
have just now told.) Clearly we may assume i = 1. Now {Z,‘.,-, , P, 
Zz+,n-2, PI} is a C,, in G, a contradiction. This also proves Theorem 2 
in the case of k = 3. 
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